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We study the evolution of statistical distance on the Bloch sphere under unitary and nonunitary
dynamics. This corresponds to studying the limits to clock precision for a clock constructed from a
two-state system. We find that the initial motion away from pure states under nonunitary dynamics
yields the greatest accuracy for a "one-tick" clock; in this case the clock's precision is not limited
by the largest frequency of the system.
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I. INTRODUCTION
In a recent paper Braunstein and Caves [1] introduced
a natural metric on density operators based on the sta-
tistical distinguishability of nearby states. This metric
defines a statistical distance between density operators
which generalizes earlier results for pure states [2]. If
density operators are smoothly related by the change in
a continuous parameter then this metric of statistical dis-
tance tells us the absolute limits quantum theory places
on our ability to determine the value of the parameter
based on arbitrary measurements of N members of an
ensemble with a single value of this parameter. If this
parameter is time then we can study the absolute quan-
tum limits to clock design.
We start by reviewing some of the consequences of this
metric and the limits it places on our ability to extract
the values of parameters &om measurements on a finite
number of systems. The body of this paper is technical
and consists of studying the evolution of statistical dis-
tance on the Bloch sphere. Finally, we ask how this result
throws light on the limits to clock design. In particular,
we consider the limitations to precision available in just
a single cycle ("one tick" of the clock) when the clock
is constructed from ensembles of two-level systems for
which our analysis of statistical distance on the Bloch
sphere may be applied. We find that for nonunitary dy-
namics the clock's precision is apparently not limited by
the largest &equency of the system.
There is a simple way to see why our results predict
higher precision for nonunitary behavior over unitary be-
havior in the design of a one-tick (single-cycle) clock.
Consider the two model probabilities for finding a two-
level system in a state orthogonal to its initial pure state:
pU = 1 —cos (tot))
p„„=1 —exp( —pt),
where the former probability pv corresponds to typical
unitary evolution and the latter probability pNv corre-
sponds to typical nonunitary evolution. For times short
compared to the reciprocal rates, t ( u, p, these
probability laws may be approximated by
PNv —pt-
(1.2)
Now suppose that we plan to extract the value for the
time t elapsed between preparation and measurement by
measuring the relative &equency for a transition to oc-
cur. This relative &equency is a direct estimate of the
transition probability, and from this Eq. (1.3) allows us
to determine the value of t (assuming we already know
the rate constant involved). In particular, we have
test —to QfU )
—1test —'Y fNU
II. STATISTICAL DISTANCE
We now review the limitations to determining param-
eters through measurement based on statistical distance
where fU and fNU are the observed relative frequencies
for a transition to occur for the unitary and nonunitary
evolutions, respectively. Elementary error analysis tells
us what confidence to place in our estimates. All other
things being equal we see from Eq. (1.4) that the unitary
evolution yields an inferior (square-root) dependence on
the measured quantity. (Fewer transitions occur in the
same time for the same rate constants leading to a larger
relative error from counting statistics). This inferior be-
havior shows up in broader confidence intervals and hence
a less precise determination of the elapsed time t. Sta-
tistical distance allows us to relax the assumption of the
type of measurement made to extract information be-
cause it places bounds on the eKciency of measurement.
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[1]. Consider N replicas of a quantum system. Each
replica is prepared in the same quantum state (density
operator) p(X), which is parametrized by the single pa-
rameter X. A general smooth path on the space of den-
sity operators may be described by
p(X) = ):p'l~)(~l (2 1)
where both the eigenvalues p~ and the eigenvectors l j)
can change along the path. By choosing optimal mea-
surements and methods of data analysis on the N replicas
our job is to optimally distinguish the p(X) for differing
X and. hence the value of X.
The most general measurement permitted by quantum
mechanics [3,4] can be described by a set of bounded,
non-negative, Hermitian operators E(()d( (generaliza-
tions of projection operators), which are coinplete in the
sense that
d(E(() = 1 = (unit operator) . (2.2)
The quantity ( labels the "results" of the measurement;
written here as a single continuous real variable, it could
be discrete or multivariate. In the discrete case the opera-
tors E(() are called "efFects." In the continuous case E(()
is an "efFect density, " and E(()d( is an "effect-valued
measure" or a "positive-operator-valued measure. " The
probability distribution for result (, given the parameter
X, is
p((lX) = tr E(()p(X) (2.3)
Let (i, . . . , (~ denote the results of measurements on
the N replicas of our quantum system. Consider a gen-
eral form of data analysis in which a function
X-t = X-~((1, , (nr) (2.4)
yields an estimate X,t for X, based on the data(i, . . . , (iv and nothing else. The estimate's deviation
away from the parameter can be quantified by [1]
2
= ( Zp(dp/dX) ) = tr l:p(dp/dX) dp/dXqdX)
(2.7)
where l'.p is a super operator which, in the basis that
diagonalizes p, takes the form
(2.8)
If p has no zero eigenvalues, Zp is the inverse of the su-
per operator defined by 'Rp(o) = 2(po+Op); hence, Cp
was denoted R: by Braunstein and Caves [1]. HelstromP
[5] and Holevo [3] call Zp(p') the "symmetric logarith-
mic derivative" of p. The lower bound in the inequality
(2.6) can be achieved by using efFects E(() that are one-
dimensional projection operators onto the orthonormal
eigenstates of the Hermitian operator Cp(p') [1,6]. For
pure states p(X) = ]@(X))(@(X)lthe distinguishability
metric [2] reduces to
(ds)' = 4 1 —IW(X+ dX)l@(X))l' (2 9)
which is also known as the Fubini-Study metric.
Note that in Eq. (2.6) there is an overall ~N improve-
ment in the precision to which we may determine the pa-
rameter X as we increase the number of identically pre-
pared. systems we can make measurements upon. This is
familiar to us as the typical improvement upon increasing
our sample size; here we see that it is a general limit to
how well we can determine a parameter Rom quantum
systems. It is worth pointing out the generality of the
derivation of this quantum bound: it allows for any type
of measurement on the N replicas of the system (even en-
tangled measurements on all replicas simultaneously [6])
and allows for arbitrary methods of data analysis in ana-
lyzing the results to determine the value of X. In general,
this bound is achievable for N large enough so long as
an optimal measurement is chosen [1]. We will discuss
later how large N must be to achieve the performance
described by statistical distance.
Xes~
ld(X,„)~/dXl (2.5) III. EVOLUTION OF STATISTICAL DISTANCE
where the derivative d(X„i)~/dX is included to remove
the local difference in the "units" of the estimator and
the parameter.
There is a lower bound [1] on the second moment of
bX:
(2.6)
This inequality holds for any effect density E(() and is
written in terms of a line element (ds)2, which defines a
"statistical distance" that measures the distinguishability
of neighboring quantum states and provides a natural
Riemannian geometry on the space of density operators.
The explicit form that Braunstein and Caves [1] (see also
[3,5]) find for the line element is
N((~t)')
I
—
I
2 tds1
(dt (3.1)
Since we are now interested in the rate of change of sta-
tistical distance with respect to time we shall study the
evolution of statistical distance both under unitary and.
nonunitary evolution. The faster this distance changes
the greater intrinsic precision is available for us to ex.-
ploit in determining the parameter of time.
Under unitary evolution, the density operator changes
in time as
We will now restrict our attention to using statistical
distance to determine the parameter of time t. For this
parameter Eq (2.6) becomes
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GP —z H, p
If the system starts in a pure state it will remain pure.
The rate of change of statistical distance is then given by
~i = l»&21+ l»&11
o~ = -~(l»&21 —l»&1I)
os = 12) &21 —I1)&1]
and we require
(4.2)
(dsb 4
&&(0)l(aa) 'ly(0) ) (3.3) x~x~ &1. (4 3)
h~
bt '
4H (o) l(&~) 'I&(o) ) (3.4)
The conditions required to realize the lower bound are
given in Ref. [6].
Now consider the case of purely nonunitary dynamics.
If we restrict the discussion to Markov open systems, the
most general form for the evolution equation is
Note that this is independent of t, depending only on the
initial state. In fact, apart from the factor of 4, this is
simply the probability that the system will not be found
in the initial state a time dt later. The bound to deter-
mining the value of t for a state
~Q(t)) &om arbitrary
measurements is simply
* = V 2[1 —t ( ')] (4.4)
where, by convention, we take the positive square root.
Then it is clear that x"x" = 1, with Greek indices rang-
ing over 0, 1, 2, 3.
We now prove that the statistical distinguishability is
just the metric on the surface of the four sphere, that is
Note that repeated indices are summed over with Latin
indices used for the range 1, 2, 3. The equality defines
the pure states. Thus pure states lie on the surface of
the unit sphere while mixed states lie inside the sphere.
It is, however, possible to define a new coordinate sys-
tem so that all states lie on the surface of a hemisphere
embedded in a four-dimensional Euclidean space. Define
the new coordinate as
K
—= ) A~ pA~t —7Zp(A~tA~)
i=1
(3.5)
[71
ds = dx"dx" . (4 5)
where K is the number of channels "open" (i.e. , coupled
directly) to the environment. For simplicity we only treat
the case of one open channel (%=1). In this case the rate
of change of statistical distance is given by
2
= tr[ApAt Cp(ApAt)] —2&(At) A ) + ((AtA) ) .dt)
(3.6)
Let
p = -(iL+ x'o, ),2
dp = —dx og2
We then write the most general form for l:p(dp) as
2p(dp) = n'1L+ n'o;,
(4.6)
(4.7)
(4.8)
We shall now restrict our attention to two-level systems
where we can derive explicit expressions for the statistical
distance and its rate of change.
which may be rewritten as dp = 'Rp(n IL + n~o~). Sub-
stituting in Eqs. (4.6) and (4.7) and equating coefficients
we find
IV. DYNAMICS ON THE BLOCH SPHERE o.
'+ o.'x,. = 0,
+0! x =Ax
(4.9)
(4.10)
In the case of two-state systems there is a geomet-
ric representation of states in terms of the Bloch sphere.
Unitary evolution corresponds to motion in the sphere at
a constant radius (for pure states this is motion on the
sphere's surface —at unit radius) while nonunitary evolu-
tion in general corresponds to a motion within the sphere.
The rate of change of statistical distance limits how well
we can measure time by making the measurements on
the evolving states.
The most general density operator for a two-state sys-
tem may be written as
ds = dx"dx" . (4.11)
The rate of change of statistical distance then becomes
)- (/'i«i „;&«) (4.12)
As an example of unitary motion consider the Hamil-
tonian
Now x dx = —2tr(pdp) = x&dx~. Combi—ning this
last result with Eqs. (4.9) and (4.10) and substituting
into Eq. (2.7) we find the appealing result
p= —(IL+x oi+x oq+x os),2 (4.1) H = ~op. (4.13)
where x is the Bloch vector and the operators cr~ are
Pauli "matrices" defined by
This describes a rotation of the Bloch vector about the x
axis. Let the initial state of the system be an eigenstate
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of o~. This corresponds to a point on the equator of
the Bloch sphere. This point moves with time along the
surface of the sphere towards the south pole, all the while
remaining in the x -x plane. Using Eq. (3.4), the bound
to the error in time estimation is then
All states eventually become diagonal in the eigenstates
of os. States on (or inside) the Bloch sphere move di-
rectly towards the x axis as t; oo, on the plane
x'(t) = x'(O).
((~t)') )
...
(4.14) V. NET STATISTICAL DISTANCES
which is not a surprising result. The error in the clock is
half a cycle.
We can integrate the rate of change in statistical dis-
tance as the initial Bloch vector rotates to the point op-
posite on the sphere's surface, that is, over one-half pe-
riod. It is not diKcult to see that this gives m. In other
words the statistical distance between the two eigenstates
of oi, along a great circle path on the Bloch sphere, is m.
Thus there is a very close correspondence between angles
swept by paths on the Bloch sphere and the statistical
distance between unitarily evolving pure states. In fact,
it is exactly this: it is the integral of the angle incre-
ments subtended by any path. For evolution interior to
the sphere the same holds, but now the angle increments
are measured in the four-dimensional coordinate system.
We turn now to the change in statistical distance due to
nonunitary evolution. We consider two models: the de-
cay model and the difFusion model [8]. The decay model
is defined by the evolution equation
Suppose the initial state is an eigenstate of oi,
l&(0)) = (11) + 12)) (5.1)
In the case of the damped model we find the coordinates
change by
1(t) —ti2
z'(t) = o,
z'(t) = e ' —1,
x'(t) = e 'i'&1 —e —'
(5.2)
(here, and in what follows, time is measured in units of
inverse decay constant).
The rate of change of statistical distance is then given
by
—= p [o. jo+ —'Rp(o+o. )],dt (4.15)
ds 1 2 —e
dt 2 e —1 (5.8)
where o~ = oi + io2 are the raising and lowering opera-
tors. Substituting Eq. (4.1) into this we obtain
d
dt 2
dx —p x
dt 2
dx3
= —p(z +1).
(4.16)
—=
~[os ~ os —~p(os)] = ~ (os ~ os —p)dt (4.17)
Using Eq. (4.1), this may be written as
dxl
dt
dx2
dt
dx3
dt
= —2p x',
= —2~x',
=0.
(4.18)
This can describe the spontaneous decay of a two-level
atom, in which case I/p is the lifetime of the excited
state. Any state on or inside the Bloch sphere will ap-
proach the south pole (z = —1) as t; oo. For exam-
ple, an initial eigenstate of oi will move inside the Bloch
sphere and approach the south pole while remaining in
the x -x plane.
The diffusion model is defined by the evolution equa-
tion,
Note that as t:0, ds/dt; oo, while in the limitt; oo, ds/dt: 0. The interpretation of this is as
follows. As the initial state is an eigenstate of oi we
can monitor the evolution &om this state by measuring
oi. As soon as we get a result other than the eigenvalue
+1 we are certain that the system has left the initial
state. As soon as the state moves in &om the surface
of the Bloch sphere it is perfectly distinguishable from
the initial state and thus the rate of change of statisti-
cal distance goes to infinity. However as time goes on, it
is less and less easy to see changes in the state and the
rate of change of statistical distance goes to zero. Thus
initially the estimate of time is perfect in that the uncer-
tainty relation is ((bt) )q s ) 0 while for long times the
determination of time becomes less and less accurate.
A plot of ds/dt for the damped model is shown in
Fig. 1, for an initial state xi(0) = 1. If we now integrate
this result from t = 0 to t = oo we obtain the statis-
tical distance between the initial state and the state at
the south pole as the system moves along a path inside
the Bloch sphere. The result is s 1.910. The impor-
tant point to note about this result is that it is greater
than vr/2. The statistical distance between the points
(1, 0, 0) and (0, 0, —1) is shortest for a path along a
great circle joining these two points and in fact is ex-
actly n/2 1.5708. Thus, as expected, the path through
the interior of the sphere connecting these points has a
greater statistical distance.
We now turn to the diffusion model with the same
initial eigenstate of oi. The solutions are
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5--
ds/dt
0.5-
0.2-
0.1—
0.05--
FIG. 1. Plot of the evolution of the rate of change of the
statistical distance ds/dt versus time t for the decay madel of
Eq. (4.15), with an initial pure state given by
~
(~l) + ~2)).
(5.4)
As before we take as an example the same initial eigen-
state of oi in Eq. (5.1). The result is
ds 2
Qe4' —1
Once again we find the rate of change of statistical dis-
tance diverges as t: 0, while it tends to zero as
; oo. This has the same interpretation as the damped
case. The integrated statistical distance along this path
is found to be m/2. In terms of the Bloch sphere the state
moves f'rom the point on the equator x = 1 directly to
the origin of the sphere. In terms of the embedded hemi-
sphere, the state moves along a great circle in the x -x
plane, corresponding to geodesic motion, terminating at
the point x = 1. In this case the minimum statistical
distance between the initial and final point is vr/2. So
the change of statistical distance for this quantum non-
demolition [8] measurement is a minimum; this is not a
general feature.
VI. PRECISION MEASUREMENT OF TIME
AND CLOCKS
When we think of a clock we tend to think of a device
which gives a continual (or roughly so) readout of the cur-
rent time. For a quantum-mechanical system, continual
readouts will disturb the state of the clock and perturb
its evolution unless the system is very large. Rather than
the readout being exactly continual it is more likely to
be in discrete steps each cycle will correspond to ob-
servation Bee evolution followed by the "tick," the fast
readout. We study here a paradigm for a very simple
model of a clock where at the end of each cycle the length
of the cycle will be determined as accurately as possible
and the quantum state of the clock will be reset for the
next cycle to proceed. Because we are primarily inter-
ested here in considering small systems with decidedly
quantum behavior under monitoring we do not expect
good long term stability necessarily; we except such con-
siderations to be more fruitful for larger more "classical"
systems.
In preceding sections we have been studying the preci-
sion with which such a single cycle could be performed.
For each cycle we assume that there are % identically
prepared two-level systems and after some short (not pre-
cisely specified period) a readout is made disturbing the
system; the data from this readout is used to give a pre-
cise value to the length of the cycle though data anal-
ysis of the measurement results, which when added to
the lengths of the preceding cycles will give a roughly
continual readout of the current time. Because we re-
duce the action of a clock to clocks of single cycles we
call these "one-shot" or "one-tick" clocks (or even clocks
which never "tock," or "tockless" clocks).
The formalism of the previous sections is ideal for the
analysis of one-tick clocks: the rate of change of statis-
tical distance gives the limits to achievable precision for
determining the length in time for a single cycle. We
found that this rate of change grows in an unbounded
manner as we approach the pure state boundary of the
Bloch sphere through nonunitary evolution. This growth
suggests that there is an in principle precision which is
apparently not limited by the largest frequency in the
system as one would expect for purely unitary evolution.
Can we exploit this divergences If so, what price must
we pay? There are two problems: one is to find a suitable
optimal measurement (this has been discussed in detail
in Refs. [1,6] and will not be considered further here);
further, one needs to use a suKciently optimal method
of data analysis and a sufBciently large number N of
identically prepared systems to achieve the bound set by
Eq. (2.6). Here we will determine what performance is
achievable with the method of maximum likelihood esti-
mation.
Let us restrict our attention to the "typical" evolution
expected for unitary or nonunitary evolution displayed in
Eq. (1.3). Each cycle uses N replicas of some two-level
system which starts in a pure eigenstate and evolves with
time. At the end of each cycle a measurement is made to
see how many of the systems will be found in the initial
state and how many n have undergone a transition to
the orthogonal state. Our naive estimate for the proba-
bility of transition will then be the relative kequency of
transition, i.e. , n/N. Then from Eq. (1.3) we may ex-
tract the length in time of the cycle. Here we want to
determine the expected precision we can assign to this
value; to do this we will assume that the method of data
analysis is maximum likelihood estimation (see [9] for a
similar problem). If po is the "actual" value of this tran-
sition probability then the chance of finding n out of K
transitions is given by the binomial distribution
fN&
»ob(~IN po) = i I po(1 —»)" " (61)(n)
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Now Bayes' theorem tells us that the probability p for the
occurrence of a transition given that we have measured
n transitions out of N is distributed according to 10 100 1000 10000
prob(p [n, N) oc p" (1 —p) (6 2) 0.5—
0.2-
{6.3)
we calculate the variance of p over Eq. (6.2) as
(N —n+ 1)(n+ 1)
(N + 2)2(N + 3) (6.4)
so Lp would be the experimentally quoted uncertainty
for the observed probability.
We are interested here in the typical experimental re-
sults, so we calculate the average values for the "ob-
served" probability and its uncertainty. With an over-
all probability po for obtaining a transition given by
Eq. (6.1) the average experimental estimate of the prob-
ability is just p„& —po, and the average experimental
estimate of the variance is
N(N —l)pp(1 —pp) + (N + 1)
(N + 2) '(N + 3)
(6 5)
if we have no initial prejudice for the value of p. The
most likely value for p (the maximum likelihood estimate
inferred from our data) is found by elementary calculus to
be p„& —n/N (which agrees with our naive expectations
above). We now want to determine our experimental
uncertainty in this value. In particular, the noise G.gure
we shall quote for this uncertainty will be based on the
standard deviation of the distribution of Eq. (6.2) which
was inferred from the measurements. Using the integral
identity [10]
0.1-Q)
0.05-
0.02-
0.01-
0.005-
0.002-
0.001-
FIG. 2. Log-log plot showing the convergence of the statis-
tical noise Ap„q [solid line, from Eq. (6.5)] with an increasing
number of counts N for pp = 0.01; the ordinary 1/~N be-
havior of counting statistics [dashed line, from Eq. (6.6)] is
attained only for N + 1/pp(l —pp) 100.
to see a "knee" around N 1/pp(1 —pp) 100 corre-
sponding to where the asymptotic 1/~N behavior usu-
ally associated with counting statistics turns on.
After all this analysis how do the two types of typi-
cal unitary and nonunitary evolution in Eqs. (1.3) com-
pare? For the short time unitary behavior described in
Eqs. (1.3) we have
(6.8)
(6.9)
where the uncertainty in Eq. (6.9) follows from standard
error analysis. Taking the number of replicas N to the
"best" value (near the knee) N = N
~q 1/pu we have
by Eq. (6.6)
We note that for N & 1/pp(1 —pp) this expected un-
certainty in the measured probability simplifies to
1 1(At)U —— (6.10)
(6.6)
This variance agrees with Fisher's theorem [ll] for the
asymptotic behavior of maximum likelihood estimation.
Alternately, for N & 1/pp(1 —pp) the variance is inde-
pendent of po with
N+1
( "-)
-(N+2) (N+.)
The reason for this independence is clear: suppose
pp « 1, then for fewer than about N 1/pp replica sys-
tems almost every one will be found in the initial state;
it is only when there is some non-negligible chance to see
a transition that we can begin to distinguish the size of
po and hence the length of the cycle.
Figure 2 shows a log-log plot of the uncertainty Ap„&
[solid line, from Eq. (6.5)] versus sample size N with
pp —0.99, and the asymptotic result [dashed line, from
Eq. (6.6)] of "ordinary" counting statistics; we are able
i.e. , the unitary evolution displays a sensitivity deter-
mined by the largest frequency of the system with the
usual 1/~N improvement when operated optimally with
N = I/pu.
We now consider short time nonunitary behavior as
described by Eq. (1.3), so now
1
& ——pNv . (6.11)
For a comparison to the unitary evolution we shall as-
sume the two one-shot clocks, unitary and nonunitary,
are being used to measure the cycle times t of equal du-
ration and further that each has an equal number N of
two-level systems; to de8ate the advantage of the nonuni-
tary clock we shall choose N = N
~q = 1/pii so as to
optimize the unitary clock's sensitivity.
We find that there are two regimes: p & ur/v ¹ and
p + w/~N. For p & cu/~N we see by equating Eqs. (6.8)
and (6.11) that pNU & pU so
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PNU
(6.12)
Now by Eqs. (6.7) and (6.11) we may use this result to
calculate the sensitivity of the nonunitary one-shot clock;
in this case it is always worse than the behavior expressed
by Eq. (6.10). Instead, when p + w/~N we find pNU +
pU so
(At) ii 1(At)NU — i(2 — NN
having taken N 1/pNU.
(6.16)
can do even better than this if we optimize the number of
two-level systems for the nonunitary clock. Again taking
p=w we now fin
PNU
(6.13) VII. CONCLUSION
1 1
——~ (~t)
p N(&t)NU -—&
N3/4 ~ ( )U
for p & (u/~N,
for p & u)/~N,
(6.14)
assuming the number N of two-level systems is optimized
for the unitary case with N = N
~t I/pii.
A looser comparison can be made by taking p = ~ in
which case we find
(At)U 1 1
=
~
Ns)4' (6.15)
with N 1/pU, and so our nonunitary one-shot clock
is a simple device beating one-over-root-% behavior. We
and now Eq. (6.6) applies. To summarize the behavior
we find
We have described here only the most preliminary in-
vestigation into quantum-limited clock design based on
two-state systems. By using the formalism of statisti-
cal distance we were able to study the types of precision
accessible by utilizing various elements. In this way, we
found that there is a singular rate of change in the sta-
tistical distance as one moves away from the pure state
boundary of the Bloch sphere under nonunitary evolu-
tion. A more detailed investigation into achievable per-
formance suggests that the use of nonunitary evolving
subsystems have significant advantages over purely uni-
tary ones.
The advantage of our approach is that it shows us in
which directions increased clock precision might be at-
tainable, in principle. The disadvantages are that it does
not consider the practicalities involved in any particular
scheme.
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